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Abstract. We conjecture: 

Vxi G Z . . . Vx„ G Z 3?/i G Z . . . 3y„ G Z 

> 2^" ^ =^ \y^\ > |xi|) A 

(Vz, j, k e {l,...,n} {xi + Xj = Xk^yi + Vj = Vk)) A 

Vz, j, A; G {1, . . . , n} (xj ■ Xj = Xk =^ Hi ■ yj = Uk) 

Analogical statement seems to be true for N, N \ {0}, Q, M and C We 
prove: (1) if a Diophantine equation has only finitely many solutions in 
integers (non-negative integers, rationals), then the conjecture implies that 
their heights are bounded from above by a computable function of the de- 
gree and the coefficients of the equation, (2) the conjecture implies that 
the set of Diophantine equations which have infinitely many solutions in in- 
tegers (non-negative integers) is recursively enumerable, (3) the conjecture 

on— 1 

stated for any computable bound instead of 2 remains in contradiction 
to Matiyasevich's conjecture that each recursively enumerable set C N" 
has a finite-fold Diophantine representation. 



Let En — — 1, Xi -\- Xj — Xk, Xi ■ Xj — Xk ■ i, j, G {1, . . . , n^}- 
1. Controversial conjectures and their consequences 

Below is the excerpt from page 135 of the book |^12j: 

2010 Mathematics Subject Classification: 03B30, 11D99, 11U05. Key words 
and phrases: Diophantine equation with a finite number of integer (rational) solutions, 
computable upper bound for the heights of integer (rational) solutions of a Diophan- 
tine equation, Davis-Putnam- Robinson-Matiyasevich theorem, single-fold (finite-fold) Dio- 
phantine representation. 



Folklore. If a Diophantine equation has only finitely many solutions then 
those solutions are small in 'height' when compared to the parameters of the 
equation. This folklore is, however, only widely believed because of the large 
amount of experimental evidence which now exists to support it. 

Below is the excerpt from page 3 of the preprint |14]: 

Note that if a Diophantine equation is solvable, then we can prove it, since 
we will eventually find a solution by searching through the countably many 
possibilities (but we do not know beforehand how far we have to search). So 
the really hard problem is to prove that there are no solutions when this is 
the case. A similar problem arises when there are finitely many solutions and 
we want to find them all. In this situation one expects the solutions to be 
fairly small. So usually it is not so hard to find all solutions; what is difficult 
is to show that there are no others. 

Therefore, mathematicians are intuitively persuaded that solutions are 
small when there are finitely many of them. Hence, we conjecture that there 
is a reason which is common to all the equations. Such a reason might be 
the following Conjectures 1 and 2 whose consequences we shall present. 

Conjecture 1. If a system S En has only finitely many solutions in inte- 

n 

gers tZ/^, . . . , Ou^,) 

then each such solution i ) satisfies I 

Conjecture 2. If a system S ^ En has only finitely many solutions in 
non-negative integers Xi, . . . , Xn, then each such solution (xi, . . . , x„) satisfies 

\Xi I , . . . , \Xn 1^2 

on — 1 

For n > 1, the bound 2 cannot be decreased because the system 



< 



Xi + Xi 


= X2 


Xi ■ Xi 


= X2 


X2 ■ X2 


= Xs 


X3 ■ X3 


= X4 


Xn — 1 ' Xn—1 


Xn 



has precisely two integer solutions, (0, . . . , 0) and (2, 4, 16, 256, . . . , 2 ,2 ). 
Conjectures 1 and 2 are false with any computable bound, if some old Matiya- 
sevich's conjecture is true, see Section 2. 

Lemma 1 (Lagrange's four-square theorem). Each non-negative integer is a 
sum of four squares of integers, see [11, p. 215, Theorem 6.4]. 
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Theorem 1. Conjecture 1 implies Conjecture 2 stated for the bound 2^ 

on— 1 

instead of 2^ 

Proof. If a system S Q has only finitely many solutions in non-negative 
integers Xi, . . . ,Xn, then the following system 

Si + ti = Ui, yi + Zi = Vi, Ui + Vi = Xi : i e {1,. . ., n}} 
has lln variables and at most finitely many solutions in integers 

Xi, Oi, Si, bi, ti, Ci, yi, di, Zi, Ui, Vi,...,Xfi, o^, s^, 6^, i^j, c^, yn, d^, Zn, Um "^n 

The last follows from Lemma 1. 

□ 

To each system 5* C we assign the system S defined by 

{S\{x, = l: ie{l,...,n}})U 
{xi ■ Xj = Xj : i, j E {I, . . . ,n} and the equation Xi = 1 belongs to 5"} 

In other words, in order to obtain S we remove from S each equation = 1 
and replace it by the following n equations: 

X^ ' Xi — *^ 1. 

Lemma 2. For each system S C En 

{{xi, . . . , Xn) G : (xi, . . . , Xn) solves 5"} = 
{{xi, . . . , Xn) e : (xi, . . . , Xn) solvcs S} U {( 0, . ^. , )} 

n— times 

By Lemma 2, Conjecture 1 can be equivalently stated thus: 

Vxi G Z . . . Va:„ e Z 3yi G Z . . . 3|/„ G Z 
(max(|a:i|, . . . , > 2^ =4> max(|yi|, . . . , ||/„|) > max(|,Ti|, . . . , \xn\)) A 
(V^, j, /c G {1, . . . , n} {xi + Xj = Xk =^ Ui + Vj = Vk)) A 
Vi, i, G {1, . . . , n} {xi- Xj = Xk^Vi- Vj = Vk) 
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The following statement 



Vxi e Z . . . e Z 3yi e Z . . . 3|/„ e Z 

, on— 1 , 

(|a;i|>2^ ^\y^\>\xl\)^ 

{Wi, j,k e {1, . . . ,n} {xi + Xj = Xk ^ yi + yj = Vk)) A 

Vi, j,k n} {xi ■ Xj = Xk^Vi- yj = yt) 

is simpler and stronger than Conjecture 1. Analogical statement seems to 
be true for N, N \ {0}, Q, M and C, see [15, p. 528, Conjecture 5d] and 
[16, Section 1]. 

For many Diophantine equations we know that the number of integer 
(rational) solutions is finite (by applying e.g. Faltings' theorem). Faltings' 
theorem tell us that certain curves have finitely many rational points, but 
no known proof gives any bound on the sizes of the numerators and denom- 
inators of the coordinates of those points, see [7, p. 722]. In all such cases 
Conjecture 1 will allow us to compute such a bound. 

For a Diophantine equation D{xi, . . . ,Xp) = 0, let M denote the maxi- 
mum of the absolute values of its coefficients. Let T denote the family of all 
polynomials W{xi, . . . , Xp) G Z[xi, . . . ,Xp] whose all coefficients belong to the 
interval [— M, M] and deg(VF, Xi) < di — deg(£), Xi) for each i e {1, . . . 
Here we consider the degrees of W{xi, . . . , Xp) and D{xi, . . . , Xp) with respect 
to the variable Xj. It is easy to check that 

card(r) = (2M + 1) + 1) • • • • • (^f + 1) (*) 

To each polynomial that belongs to T\ {xi, . . . , Xp} we assign a new variable 
Xi with i G {p + 1, . . . , card(T)}. Then, D{xi, . . . , Xp) = Xg for some q G 
{1, . . . , card(T)}. Let H denote the family of all equations of the form 

Xi = 1, Xi -\- Xj = Xk, Xi ■ Xj = Xk k G {1, . . . , card(7~)}) 

which are polynomial identities in Z[a;i, . . . ,Xp]. If some variable 
signed to a polynomial W{xi, . . . , Xp) G T, then for each ring K extending Z 
the system T-L implies W{xi, . . . , Xp) — x^. This observation proves the fol- 
lowing Lemma 3. 
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Lemma 3. The system 1-i U {xq + Xq = Xq] is algorithmically determinable. 
For each ring K extending Z, the equation D{xi, . . . ,Xp) = is equivalent 
to the system "H U {xg + Xg = Xq} C Ecs.rA{T)- Formally, this equivalence can 
be written as 



'ixi e K . . .'ix.p e K [D{xi, . . . , Xp) = 3xp+i e K ... 3a;card(r) ^ K 



(Xi, . . . , Xp, Xp+i, . . . , Xcard(r)) SolvCS the Systcm "H U {Xq + Xq = Xq\ 



For each ring K extending Z, the equation -D(xi, . . . , Xp) = has only finitely 
many solutions in K if and only if the system T-L U {xq + Xq = Xq} has only 
finitely many solutions in K. 

Theorem 2. Assuming Conjecture 1, if the equation D{xi, . . . , Xp) = has 
only finitely many integer solutions, then each such solution (xi , . . . , Xp) sat- 
isfies 



Unfortunately, it is undecidable whether a Diophantine equation has in- 
finitely or finitely many solutions in positive integers, see J5j. The same is true 
when we consider integer solutions or non-negative integer solutions. More- 
over, the set of Diophantine equations which have at most finitely many solu- 
tions in non-negative integers is not recursively enumerable, see [13, p. 240]. 

Assuming Conjecture 1, if a Diophantine equation has only finitely many 
integer solutions, then these solutions can be algorithmically found by ap- 
plying Theorem 2. Of course, only theoretically, because for interesting Dio- 

nn—l 

phantine equations the bound 2 is too high for the method of exhaustive 
search. Usually, but not always. The equation has only 

finitely many rational solutions ([ID]), and we know all integer solutions. 



(-1,0), (-1,1), (0,0), (0,1), (1,0), (1,1), (2,-5), (2,6), (3,-15), (3,16), 
(30,-4929), (30,4930), see [4j. Always xl - X2 > so xi > -2. The 



. . . , \xp\ < bound(Z}) := 2 
Proof. It follows from (*) and Lemma 3. 



2(2M + l)(^i + l)-----(^p + l) -1 



□ 



system 



Xl ■ Xi = X3 



X3 ■ X3 — X4 



< 



Xl ■ Xi = X5 

Xi+ Xq = X5 
X2- X2 = Xy 



^ X2 + Xq = Xj 
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is equivalent to x^ — xi = x\ — X2. By Conjecture 1, |a;f | = |x5| < 2 — 2^ . 

64 

Therefore, — 2 < xi < 2 5 < 7132, so the equivalent equation 4xf — 4x1 + 1 = 
(2x2 — 1)^ can be solved by a computer. 

Lemma 4. The integers A and B are relatively prime if and only if there 
exist integers X and Y such that A - X -\- B Y — 1 and 
X, y e [-1 - max(|A|, 1 + max(|A|, 
see [11, p. 14, Theorem 1.11]. 

Lemma 5. For any integers A, B, X, Y, if 

X,Y e [-1 -max(|A|,|S|),l + max(|^|,|S|)] 
then X2,F2 g [0,(l + yl2 + B2)2]^ 

Theorem 3. Assuming Conjecture 1, if a Diophantine equation D{xi, . . . , Xp) = 
has only finitely many rational solutions, then their heights are bounded from 
above by a computable function of D. 

Proof. By applying Lemma 3, we can write the equation as an equivalent 
system S C here n and S are algorithmically determinable. We substi- 
tute Xm = for m G {1, . . . , n}. Each equation Xj = 1 e iS we replace by 
the equation i/i = Zi. Each equation Xj + Xj = Xk E S we replace by the 
equation yi ■ Zj ■ Zk + yj ■ Zi ■ Zk = yk ■ Zi ■ Zj. Each equation Xj ■ Xj = Xk & S 
we replace by the equation {yi ■ Zj ■ Zk) ■ {yj ■ Zi ■ Zk) = yk ■ Zi ■ Zj. Next, we 
incorporate to S all equations 

Pm ' ym ~\~ Qm ' Zm 1 

with m e {1, . . . ,n}. By Lemmas 1, 4, 5, the enlarged system has at most 
finitely many integer solutions and is equivalent to the original one. Next, we 
construct a single Diophantine equation equivalent to the enlarged system S. 
For this equation we apply Theorem 2. 

□ 

For a polynomial D{xi, . . . , Xp) e Z[xi, . . . , Xp] let 

-D(xi, Oi, 6i, Ci, di, . . . , Xp, Op, hp, Cp, dp) 
denote the polynomial 

D{xi, XpY + (xi - a\-hl- c\- dlY + . . . + (xp - - 6^ - - d^f 
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By Lemma 1, 

{{xi, . . . ,Xp) elF : 3ai, 61, Ci, di, . . . , ap, bp, Cp, dp e Z 

D{xi, ai, 61, ci, di,..., Xp, dp, bp, Cp, dp) = 0} = {{xi, . . . , Xp) e W : D{xi, ...,Xp) = 0} 

If the equation D( ) = has only finitely many solutions in non- negative 

integers, then the equation 

, ai,bi,Ci, di, . . . , Xp, Gp, bp, Cp, dp) — 

has only finitely many solutions in integers Xi,ai,bi,Ci,di, . . . ,Xp, Up, bp, Cp, dp. 

CoroUeiry 1. Assuming Conjecture 1, if the equation D{xi, . . . ,Xp) = 
has only finitely many solutions in non-negative integers, then by applying 
Theorem 2 to the equation 

D{xi, ai, bi, ci, di,..., Xp, Up, bp, Cp, dp) = 

we can compute an upper bound for those solutions. 

The following algorithm works for all polynomials D{xi, . . . , Xp) e 'Z[xi, . . . ,Xp\. 

e := bound(D) + 1 

WHILE 

D{yi, . . . ,yp) ^ Q for all non-negative integers yi, . . . ,yp with max(yi, . . . , yp) = 9 

DO 
0:^9 + 1 

Assuming Conjecture 1 and applying Theorem 2, we conclude that the algo- 
rithm terminates if and only if the equation D(xi, . . . , Xp) — has infinitely 
many solutions in non-negative integers. 

Corollary 2. Conjecture 1 implies that the set of Diophantine equations 
which have infinitely many solutions in non-negative integers is recursively 
enumerable. 

Analogously, if we assume Conjecture 1, then the algorithm 

9 := bound(D) + 1 
WHILE 

D{yi: . . . , yp) 7^ for all integers yi,...,yp with max(|yi|, . . . , \yp\) = 9 

DO 
9:^9 + 1 

shows that the set of Diophantine equations which have infinitely many in- 
teger solutions is recursively enumerable. 
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2. Finite-fold Diophantine representations 

Davis-Putnam-Robinson-Matiyasevich theorem states that every recur- 
sively enumerable set C Z" (N") has a Diophantine representation, that 
is 

(ai, . . . , a„) e <^ 3xi e Z (N) . . . 3xm e Z (N) W{ai, . . . , a„, xi, . . . , x^) = 

for some polynomial W with integer coefficients. Such a representation is 
said to be finite- fold if for any integers (naturals) ai , . . . , a„ the equation 
W{ai, . . . ,an,Xi, . . . , Xm) — has at most finitely many integer (natural) 
solutions {xi, . . . , Xm)- Yu. Matiyascvich conjectures that each recursively 
enumerable set C N" has a finite-fold Diophantine representation, see 
[6, pp. 341-342] and [9, p. 42]. Matiyasevich's conjecture stated for single-fold 
Diophantine representations implies that the set of Diophantine equations 
which have infinitely many solutions in non-negative integers is not recur- 
sively enumerable, see [13, p. 241]. It remains in contradiction to Conjecture 1, 
see Corollary 2. 

Theorem 4. If a function / : Z — ?> Z has a finite-fold Diophantine rep- 
resentation and Conjecture 1 holds true, then there exists d > 1 such that 

VnGZ\{0} |/(n)| < 

Proof. By the first assumption and Lemma 3, there exists a positive integer m 
such that in the integer domain the formula xi = f{x2) is equivalent to 
3x3 ••• 3xm+2 $(a;i,a;2,X3, ... ,a;m+2), where $(xi,a;2,a:3, ... ,Xto+2) isa con- 
junction of formulae of the form xi — l, Xi-\-Xj — Xk, Xi • Xj — x^, and for each 
integers Xi, X2 at most finitely many integer m-tuples {x^, . . . ,Xm+2) satisfy 
$(a;i, X2,X3, . . . , Xm+2)- For each integer n we find the integers x^^n), . . . , Xm+2{n') 
which satisfy ^{f{n),n,X3{n),...,Xm+2{n)). If n > 1, then by applying 
Conjecture 1 to the system 

yi 

yi + yi 
yi + y2 

< 

yi + y\n\-2 
yi + y\n\-i 

all equations which occur in ^{xi,X2, x^, . . . , Xm+2) 
we conclude that |/(n)| < 2^' . If n < 0, then by applying Conjecture 1 



= 1 

= y2 

= ys 

= X2 
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to the system 



yi 

yi + 2/2 
yi + 2/3 

< 

2/1 + y\n\+i 

2/1 + X2 

all equations which occur in 2:2, Xa, . . . , Xm+2) 

we conclude that < 2^' ^ . 

We strengthen the obtained inequalities. In the reasoning for n > 1, 
we started from 1 and attained a positive integer n in n steps by adding 1 
n — 1 times. Let [ ] denote the integer part function. Starting from 1, 
we can attain a positive integer n using at most 2[log2(n)] additions, i.e. 
2[log2(n)] + 1 steps. It follows from the binary representation of n. In other 
words, we can define n by a system of equations of the form U — 1, U+tj — tk, 
and it requires at most 2[log2(n)] + 1 variables. For example, we attain the 
number 31 as follows 



= 1 

= 2/1 

= y2 

= y\n\ 

= y\n\+i 



1, 2, 4, 8, 16, 24, 28, 30, 31 

Thus, we can better estimate |/(31)| by applying Conjecture 1 to the system 
of equations which corresponds to the tuple 

(/(31), 31, 30, 28, 24, 16, 8, 4, 2, 1, a;3(31), . . . , x^+2(31)) 

whose length does not exceed 2[log2(31)] + m + 2. For negative integers n, we 
need at most 2[log2(— n)] + 3 steps. For example, we attain the number —31 
as follows 

1, 2, 4, 8, 16, 24, 28, 30, 31, 0, -31 

Thus, we can better estimate |/(— 31) | by applying Conjecture 1 to the system 
of equations which corresponds to the tuple 

(/(-31), -31, 0, 31, 30, 28, 24, 16, 8, 4, 2, 1, X3(-31), . . . , a;^+2(-31)) 

whose length does not exceed 2[log2(31)] + m + 4. 

More generally, by applying Conjecture 1 to analogous systems, we con- 
clude that 

92[log9(n)l + m + 1 o"»+i n2 
VneZn[l,oo] |/(n)|<22 ^ < (2^ 
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and 



Vn e Zn [-00,-1] |/(n)| < 2 



22[log2(-n)] + m + 3 



< (2 




By applying Conjecture 1 to the system 



X2 + X2 = X2 



all equations which occur in ^{xi, X2,X3, . . . , Xm+2) 



we conclude that |/(0)| < 2 



□ 



If we reformulate Conjecture 1 by introducing a bound ip{n) instead of 

on— 1 

2 , then Conjecture 1 guarantees that there exists a positive integer m 
such that 



Thus, any computable bound in Conjecture 1 remains in contradiction to 
Matiyasevich's conjecture stated for recursively enumerable subsets of Z" 
instead of N". 

For a system S En, let b{S) denote the smallest non-negative integer 
such that 

Vxi G Z . . .Wxn G Z ((xi, . . . , Xn) solves S =^ max(|a;i|, . . . , \xn\) < b{S)) 

If an appropriate b{S) does not exist, then we put b{S) = 0. Since there are 
only finitely many systems S C. En, the following function ip 



is well-defined and Conjecture 1 holds true with the bound tp{n). The last 
implies that the sentence (o) is unconditionally true. 

Theorem 5. If the set {(m,2") : u eN\ {0}} C Z^ has a finite-fold Dio- 
phantine representation, then Conjecture 1 fails for sufficiently large values 
of n. 

Proof. Let the sequence {a^} be defined inductively by ai = 2, a„+i = 2^'^. 
By the assumption and Lemma 3, there exists a positive integer m such 



(Vn e Zn [1,00] |/(n)| < V(2[log2(n)] +m + 2)) A 
(Vn e Zn [-00,-1] |/(n)| < '0(2[log2(-n)] +m + 4)) A 
1/(0)1 <V(m + 2) 



N\ {0} 9 n 




max({6(5) : S C En}) G N 
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that in the integer domain the formula Xi > 1 A X2 = 2"^i is equivalent 
to 3x3 • • • 3x^+2 ^{xi,X2, X3, . . . , Xm+2), where $(xi, Xa, X3, . . . , Xm+2) is a 
conjunction of formulae of the form Xj = 1, Xj + xj = Xk, Xj ■ xj = Xk, and 
for each integers xi, X2 at most finitely many integer m-tuples (X3, . . . , Xm+2) 
satisfy $(xi, X2, X3, . . . , Xm+2)- Therefore, for each integer n > 2, the following 
quantifier-free formula 

a^l = 1 A $(Xi,X2, 2/(2,1), ... ,|/(2,m)) A $ (X2,X3, 1/(3,1), ... ,2/(3,^)) A ... A 
$(x„_2,X„_i,y(„_i_i), . . .,y(^n-l,m)) A $(x„_i , X„, ?/(„,i) , . . • , 2/(„,m)) 

has n + m ■ {n — 1) variables and its corresponding system of equations has 
at most finitely many integer solutions. In the integer domain, this system 
implies that Xi = tti for each i G {1, . . . , n}. Each sufficiently large integer n 

on+m-(n— 1) — 1 

satisfies a„ > 2 . Hence, for each such n Conjecture 1 fails. 

□ 

Similarly, if the set {(^/,2") : m G N \ {0}} C has a finite-fold Dio- 
phantine representation, then Conjecture 2 fails for sufficiently large values 
of n. Another proof of this follows from the contradiction between Theorem 2 
stated for solutions in N and the conclusion of the following Matiyasevich's 
theorem ([6, pp. 341-342], [9, p. 42]): if the relation y = 2^ defined on N 
has a finite-fold Diophantine representation, then for Diophantine equations 
with finitely many solutions in N, these solutions cannot be bounded by a 
computable function. 

on — 1 

If we assume Conjecture 2 with a computable bound instead of 2 , 
then Theorem 2 stated for solutions in N remains valid with another com- 
putable bound. By Matiyasevich's theorem presented in the previous para- 
graph, this conclusion remains in contradiction to the hypothetical existence 
of a finite-fold Diophantine representation for the relation y = 2^ defined 
on N. 

By Theorem 1, also Conjecture 1 remains in contradiction to Matiyase- 
vich's conjecture. The same is true for Conjecture 1 stated for a computable 

on— 1 

bound instead of 2 

3. Subsystems of and their solutions in Z, Q and M 

The material of this section is related to the main conjecture of [T7]: if a 
system S En is consistent over R (C), then S has a real (complex) solution 

on— 2 

which consists of numbers whose absolute values belong to [0, 2 ]. 
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Lemma 6 ([17, p. 177, Lemma 2.1]). For each non-zero integer x there exist 
integers a, b such that ax — {2b — 1)(36 — 1). 

Lemma 7 ([8, p. 451, Lemma 2.3]). For each x e Z n [2,oo) there exist 
infinitely many y e Z fl [1, oo) such that 1 + x^{2 + x)y'^ is a square. 

Lemma 8 ([8, p. 451, Lemma 2.3]). For each x e Zn[2,oo), y e Zn[l,oo), 
if 1 + x^{2 + x)y'^ is a square, then y > x -\- x^""^. 

Theorem 6 (cf. [17, p. 178, Theorem 2.4]). There is a system S C E21 such 
that 5" has infinitely many integer solutions and S has no integer solution in 

[-22""\22"-Y^ 

Proof. Let us consider the following system over Z. This system consists of 
two subsystems. 

(•) Xi — 1 Xi + Xi = X2 X2 ■ X2 = X3 X3 ■ X3 = X4 

X4 ■ X4 — X5 X5 • X5 — Xq Xq ■ Xq — X'j Xq ■ Xy — Xs 

X2 + Xq^ Xg Xs-Xq^ Xiq Xu ■ Xn = X12 Xiq ■ Xu = X13 

Xl + Xis = Xu Xi5 ■ Xi5 = Xu 

(O) XiG + XiG = Xn Xl + Xis = Xn Xie + Xis = Xig Xis ■ Xig = X20 

X12 ■ X21 — X20 

Since Xi — 1 and Xi2 — a^ii • a^n, the subsystem marked with {o) is equivalent 
to 

3:^21 • = (2x16 - l)(3a:i6 - 1) 

The subsystem marked with (•) is equivalent to 

a;f5 = l + (2i6)3.(2 + 2i6).^2^ 

By Lemma 7, the final equation has infinitely many solutions {xii,Xi^) e Z^ 
such that .Til > 1- By Lemma 6, we can find integers Xie, X21 satisfying 
3^21 • x{i = (2x16 — l)(3a;i6 ~ !)• Thus, the whole system has infinitely many 
integer solutions. 

If (xi, . . . , X21) G Z^^ solves the whole system, then 
xl,^l + {2^y.{2 + 2^^).\xii\'' 
and X21 ■ 1 2:11 P = (2xi6 — l)(3xi6 ~ 1)- Since 2x16 — 1 7^ and 3xi6 — 1 7^ 0, 
|xii| > 1. By Lemma 8, 

Ixiil > 2^6 + {2'^f' - 2 > {2^^f' - 2 ^ 22'° - 32 

Therefore, 

\xu\ = kill • kill > (22^° - 32)2 = 22'^ - 64 > 32'^-^ 

□ 
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Theorem 7 (cf. [17, p. 180, Theorem 3.1]). If Z is definable in Q by an 
existential formula, then for some positive integer q there is a system S Eg 
such that S has infinitely many rational solutions and S has no rational 
solution in [-2^ ,2^ ]«. 

Proof. If Z is definable in Q by an existential formula, then Z is definable 
in Q by a Diophantine formula. Let 

Vxi e Q (xi e Z 3x2 e Q . . . 3x™ g Q ^(xi, xa, . . . , x^)) 
where $(xi, X2, • • • , x^) is a conjunction of formulae of the form Xj = 1, 
Xi + Xj = Xk, Xi ■ Xj = Xfc, where k G {1, . . . , m}. We find an integer 
n with 2" > m + 11. Considering all equations over Q, we can equivalently 
write down the system 

$(xi,X2, . . . ,Xm) (1) 

x^^2 = l+(22")'-(2 + 22").x? (2) 

Xl ■ Xm+l = 1 (3) 

as a conjunction of formulae of the form Xj = 1, Xj + Xj = x^, Xj ■ Xj = x^, 
where i,j, k G {1, . . . ,n + m + 11}. The equations entering into this con- 
junction form some system S C En+m+n- We prove that q = n + m + 11 
and S have the desired property. By Lemma 7, the system S has infinitely 
many rational solutions. Assume that (xi, . . . , Xn+m+u) ^ Q"+™+ii solves S. 
Formula (1) implies that Xi G Z. By this and equation (2), Xm+2 £ ^- Equa- 
tion (3) implies that xi ^ 0, so by Lemma 8 

on o"- 02" o r)Tl -\- 2" ora+1 on+2" — 1 ora+m+11 — 1 o<7 

|xi| > 2^ +(2^ )^ ~ > 2^ ~^ > 2^ >2^ =2^ 

□ 

Theorem 8 ([2], cf. [3]). If n > 10, then 1156 ■ 2"^^° > 2" and there 
exists a system S'„ C £"„ which has precisely 1156 • 2"^^° solutions in integers 

Xi , . . . , Xt^. 

Proof. The system 5*10 consists of two subsystems. 

Subsystem 1 

Xi = 1 Xi -|- Xi = X2 X2 • X2 = X3 X3 ■ X3 = X4 X4 ■ X4 = X5 X5 • X5 = Xq 

Subsystem 2 

Xy ■ Xs = Xq Xg ■ Xio = Xq 

The equations of Subsystem 1 imply that Xq = 2^^. Hence, the whole system 
has precisely (17-1-17) - (17 + 17) = 1156 solutions in integers xi, . . . , xiq. For 
n > 10, we enlarge the system 5*10 by adding the equations Xj ■ Xj = Xi with 
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i e {11, . . . ,77.}. The enlarged system has precisely 1156 • 2" ^° solutions in 
integers Xi, . . . ,Xn- 

□ 

For an integer n, let bit(n) denote the number of bits in the binary rep- 
resentation of |n|. As previously, by [n] we denote the integer part of n. 

Theorem 9 ([1, p. 3, Theorem 1]). Let Q G . . . ,X„] be a polynomial 

of degree d, and suppose that the coefficients of Q in Z have bit-sizes at 
most r. Then, every bounded semi-algebraically connected component of 
{{xi, . . . , Xn) e : Q{xi, . . . , Xn) = 0} is contained inside a ball, centered 
at the origin, of radius 

V^-(iV + l)-2^-^-(^ + bit(^)+bit(^i+l) + 3) 

where N — (d + 1) ■ d^"^, D — n ■ {d — 1) + 2. In particular, all isolated 
points of {{xi, . . . , Xn) e IR" : Q{xi, . . . , Xn) — 0} are contained inside the 
same ball. 

Corollary 3. If a system S En has only finitely many solutions in reals 
Xi, . . . , Xn, then each such solution {xi, . . . , Xn) satisfies 

|xi I , . . . , \xn\ <V^-{5. 4-^ + 1) . 2^ • 4"-' • (3^ + 2) • (^(ISn^)] + 2n + 8) 

Proof. By Lemma 2 stated for M instead of Z, the polynomial equation 

{Xa + Xb- XcY + {Xi ■ Xj - Xkf = 

CL I — C ^ ^ 

Xi * Xj — X ^ S 

has degree 4, the same non-zero real solutions as S, and its coefficients belong 
to Z n [—18n^, 18n^]. The last follows from observations 1-6 below. 

1. For each p E {1, . . . ,n}, there are equations of the form Xp + x^ = Xc, 
where 6, c G {1, . . . ,n}. Each polynomial ( Xp I X Xq Y has coefficients in 
Zn [-4,4]. 

2. For each p G {1, . . . , n}, there are m? equations of the form Xa + Xp = Xc, 
where a, c G {1, . . . , n}. Each polynomial {xa + Xp — XcY has coefficients in 
Zn [-4,4]. 

3. For each p G {1, . . . , n}, there are ri^ equations of the form Xa + Xb — Xp, 
where a,b E {1, . . . , n}. Each polynomial {xa + Xb — XpY has coefficients in 
zn [-4,4]. 
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4. For each p G {1, . . . , n}, there are equations of the form Xp ■ Xj = Xk, 
where j,k G {1, . . . ,n}. Each polynomial ( ) has coefficients in 
zn [-2,2]. 

5. For each p G {1, . . . , n}, there are equations of the form xi ■ Xp = Xk, 
where i,k & {1, . . . , n}. Each polynomial (xj ■ Xp — XkY has coefficients in 
zn [-2,2]. 

6. For each p G {1, . . . , n}, there are equations of the form Xi ■ xj = Xp, 
where i,j G {1, . . . , n}. Each polynomial ( ) has coefficients in 
zn [-2,2]. 

By applying Theorem 9, we get 



v/^-(5-4"-i+l)-25 ■ 4""' ■ (3" + 2) ■ (bit(18n2) + bit(5 ■ 4"-') + bit(4 + 1) + 3) 

For finishing the proof, we compute that 

bit(18n2) = [log2(18n2)] + 1 
bit(5 ■ 4"-i) = 2n + l 
bit(4 + 1) = 3 

□ 
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